W = average dimensionless axial velocity

, i, z = orthogonal Cartesian coordinates

, Y, Z = dimensionless coordinates

p/dz = hydrostatic axial pressure gradient

= dynamic viscosity of blood, [the viscosity may be
taken as a constant at shear rates exceeding 50 to
100 sec.— 1, At lesser shear rates, blood is non-
Newtonian and is adequately described by the
Casson equation (13)]

kinematic viscosity of blood

density of blood

condition atY = 0

condition at Z = 0
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Optimal Operation of a Variable-Volume

Stirred Tank Reactor

MONTY M. LUND and RICHARD C. SEAGRAVE

lowa State University, Ames, lowa

For certain classes of chemical reactions, it is possible to increase the yield of the desired
products by choosing appropriate variable-volume operating policies. An analysis of the steady
state and semibatch operation of g stirred tank reactor demonstrates operating policies for
both the isothermal and adiabatic case to maximize the steady state yield and to produce an
improved semibatch yield. Computations carried out by using an analogue computer with a
digital logic expansion system demonstrate further relotionships between yield increase and

operating policy.

The continuous stirred tank or backmixed reactor is a
very common chemical engineering processing unit. A con-
siderable amount of analysis regarding the design, opera-
tion, and control of these units has produced much useful
information for engineers (I, 9). Generally, these reac-
tors are operated at or near steady state, with the mean
residence time adjusted to produce the optimum or desired
product yield. It has been observed (7) that in selected
cases the value of an increased yield which might be ob-
tainable from a periodic operating policy would be enough
to offset the additional costs resulting from increased
handling and storage. In order to investigate the economic
feasibility of such schemes, it is necessary to quantitatively
investigate the relationships between the yield of a back-
mixed reactor and the operating variables encountered
during variable-volume operation. The concept of increas-
ing the yield of a chemical reactor by various types of
periodic operation is becoming of interest to chemical engi-
neers (3 to 8). However, the variable-volume periodic
reactor has been neglected, although the concept of a
variable-volume periodic reactor abounds in nature, per-
haps the foremost example being the human lung.

In this work, analysis is carried out on isothermal and

Monty M. Lund is with The Dow Chemical Company in Midland,
Michigan.
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adiabatic stirred tank reactors. These two extreme or limit-
ing cases represent a logical starting point but by no
means cover the entire range of operating conditions found
in practice. Although it appears that the possible obtain-
able improved yield for a periodic operation will be more
dramatic for higher order reactions, this study concentrates
on the irreversible first-order reaction. The techniques of
analysis are easily extendable to higher-order reactions.
This approach is justified on two counts, the one being
that a very large class of reactions may be treated at least
as pseudo first-order reactions, and the other being the
simplicity of the case which hopefully results in increased
insight into the overall situation of variable-volume opera-
tion.

While the isothermal case is almost completely amen-
able to analytical solution, the adiabatic case requires the
use of an analogue computer with an associated digital
logic expansion system to solve the working equations and
to provide some insight into the factors influencing the
relationships between yield increase and operating policy.

The following general equations may be written for a
completely backmixed stirred tank reactor as depicted i.n
Figure 1, assuming negligible volume change due to chemi-
cal reaction, but not necessarily operating at constant
volume.
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Fig. 1. Nomenclature.

Material balance (A disappearing)

d
s (VC4) = Q4Cay — QC4s — Ry (1)
For the irreversible first-order reaction R4 = KVCy
Energy balance
d (— AH)KCAV gV
— (VT) = QT; — QT - 2
dt( ) = QTs — QT + proa pC,,()
Flow-volume
av
—— —_— 3
7 Qr—0Q (8)

For small temperature changes, K may be expressed as
K =Ko+ b(T — To) (4)

where b will be a positive constant for any reaction.
It is convenient to put all of these relations into dimen-
sionless form by introducing the following variables:

K* = K/K, (a)
T® =T/Ty (b)
To* = To/Ty ()
C* = Ca/Car (d)
t* = #Qr/Vr (e)
t* =1t/r (f) (5)
Q* = Q/Qx (a)
Qs* = Q4/0r (b)
Ve =V/Vg () (6)
The reference flow rate for the constant volume case is
simply Qr = Q; = Q, while the reference volume is

simply Vg = V = Vpa. 7 for this case represents the true
mean residence time. Tj, Cus Vg, and Qg are regarded
as constants. For variable-volume operation, Qr and Vg
must be selected carefully, and the resulting » may be
referred to as a pseudo residence time.

The following dimensionless parameters are also con-
veniently formed.
Relative energy parameter

— AH)C
R— ( )Cuy (@)
pCpTs
Relative rate parameter
L = bT;/K, (b)
Relative time parameter
P = KoVR/ QR (C)
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Generalized

Special case

0 L ] 1 Il
fo f f2 '3
Fig. 2. Schema—semibatch operation nomenclature: A. generalized,
B. special case.

Relative heat parameter
H = qVr/pCpTOr (d) (7)

The parameter R is simply the relative adiabatic tem-
perature rise, which is the ratio of the temperature rise
corresponding to complete conversion, and the feed tem-
perature Ty. The parameter P may be considered the ratio
of a reaction velocity Ko to the space velocity Qr/Vr. The
parameters L and H have no particular physical signifi-
cance and are merely convenient collections of constants.
The dimensionless equations for a constant volume reactor
are, then

dc*
=1— (1+ PK*)C* 8
Fm (1+ ) (8)
dr*
et 1—-T%+4 K*C*PR - H (9)
K* =1+ L(T* — T,*) (10)
and for a variable-volume reactor
dc* o
= — C*) — PK*(* 11
e v (1 ) (11)
ar* o
= = e (1 — T* RPK*C* — H 12
Ve ( ) + (12)
Ve =Ve* + 1 (O — Q%)dt* (13)

The dimensionless equations are nonlinear, owing to
the appearance of the product of the rate constant and
concentration, and are also coupled in temperature and
concentration. The dimensionless equations for the vari-
able-volume reactor may also have variable coefficients.
Fortunately, for several cases the solutions are straight-
forward.

ISOTHERMAL OPERATION

For isothermal operation, with K = K, only the con-
centration equation is needed:

ac*_9r
dt* v*
Constant Volume Operation (CST)
The solutions for this trivial case may be written di-

1—C*) — PC* (14)
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rectly, since Qs* = V* = 1.0,

Steady state solution
1

ot = 1+4+P (18)
The steady state yield may be defined as
nesr=1—C*=P/(1+ P) (16)
The maximum yield v = 1, of course, occurs when
P= o0, which corresponds to a batch reactor with no flow.
Transient solution

Variable Volume Operation (VYVO)

The solutions for the two trivial variable-volume cases
of the reactor filling (Q = 0) or emptying (Q; = 0) may
also be written directly:

Q=O’QR=Qf)VR=V0
1
C =m[1+(1’co —1)e ] (18)

Q=0
C* = Cy* e~ Pt* (19)

For the general case where Q 5 Q, it is necessary to
carefully define Qr and V& as follows:

Or<Q Qr=0Q—0Q;y Vr=V,

Q>Q Qr=0Q;—Q Var=Vy v=Ve/Qr

In general, Equation (14) cannot be integrated directly,
except for the many cases where

Q

jQ — ©4l
Qr>0Q

For example, if Qy = 2Q, Q* = 1, and
_2[P(1+1¢") ~ 1]+ [Co*P2 — 2(P — 1) Je~
- P2(1 + t°)2

T = VO/QR,
(20)

= Q* = an integer, m

C#
(21)
The general solution for this case is
_ (m+1)(A)+ e PU[Co* P — (m + 1) (A,)]

Cc*
Pm+1(1 + t*)m+1

(22)
where

Ay =P(1 4+ t*)™ — mPm—1(1 4 ¢*)m—1
+m(m — 1)Pm=2(1 4 t*)m=2 4 ... (— 1)™m!
Ay =P" — mPm~1 4+ m(m — 1)Pm—2 4,
0r<@
For example, Q = 20Q, Q% = 2
C*=1—P(1—1t*)ePa—t™

( S{rmzemnn )

n=40

+ (L =) (Co* — 1)e~F  (23)

and the general solution is
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. 1 m—2 . ‘ ' o
C =(7-_—2)—!1§0{ (=1)(m —2 - HIPP[(1 — )}

— e~ Pr(1 — ¢*)m=1]

(= 1)m=1[P(1 — ¢*)]m—1gP—t"

- (m— )1 LB.J
+ Co®* (1 —t*)m—1g—P*  (94)
where
o [ (= 1)"Pr[1 — (1 —¢°)"]
By = _ _ 4w
1 E{ — } In(1—¢*)

Many variable-volume operating policies can now be
evaluated by using these relations as approximations.

Semibatch Operation (SBO)

In order to demonstrate the yield increase obtainable by
variable-volume operation and to determine the param-
eters which affect yield increase, an operation which is
amenable to computation by using the above relations is
chosen. In this operation, the reactor volume is alternated
between a minimum and a maximum by adjusting the in-
put and output flow rates. After a few cycles, the reactor
reaches a pseudo steady state; that is, the concentration
and volume profiles repeat in each cycle identically.

The generalized semibatch operation may be described
as follows:

Qr=0 Q=0 V=V,

t=t=t Qr=0Qmso Q=0 V=Vo+ Qs(t — t)
h=t=t Q;=0 Q=0 V="Vpy

th=t=t; Q;=0 Q=0 V="V —Qt — &)
ts=t=t, Qj=0 Q=0 V=V, (25)

This repeating cycle is depicted in Figure 2A.

The yield for this generalized semibatch operation
(SBO) may be best evaluated by defining an equivalent
QCST, by setting VR = Vmax, QR = QCST, and by com-
puting the yield relative to that of an equivalent CST
operation, where

0.4 | ! | il

0.2 0.5 i 2 5 to 20

Fig. 3. Effect of relative time parameters on relative yield for
isothermal SBO.
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ty — ¢
Qcst = Qsspo ( L ) (26)

ty — 1o

_ MsBo ( 1){ (epl—l)
? necsT P Py
) [ ]
27
( P; — P, P— (P —Pye P (27)
S QfCsdt — f1QCadt
‘ = 28
7 T 0 =8
P= KVimas and P; = Ky; (29)
CST

To clearly demonstrate the yield increase obtainable,
the special case where Vo = 0 and no down time (t; —
ts = 0) is examined, with equal filling and emptying
times. With ¢, = 0, and Qcst = Qssso (1/t3), where the
fraction filling time o is expressed as

o=/t
then

2 () [

Figure 3 shows this quantity as a function of the frac-
tional filling time and the relative time parameter P. The
maximum obtainable yield occurs at a P = 1.8 and is

2.0—

0.0 | I I ]

0.0 0.2 0.4 0.6 0.8 1.0
Iog|o {oop)
Fig. 4. CST adiabatic results.
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RL = 80
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10—
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RL = 80

60

40

20

M
| [ | 1

0.0 0.2 0.4 0.6 0.8 1.0

loglo tooe)
Fig. 5. CST adiabatic results.

29.8% greater than the corresponding CST yield. Since
this occurs at a filling time of zero, this case corresponds
to the limiting situation of a batch reactor (or of a plug
flow reactor with the same residence time). The yield for
either of these limiting cases may be written as

(31)

In other words, the maximum relative yield is then

wprr =1 — e~ P

msBo _ MpFR 1 — e~ F
mcst P/(1+ P)

This may be solved directly for the value of P which
maximizes n by
eP[1+P+P2]=1

from which is obtained
P=18 9 =180 C%gy=0.856 C*ppp =0.166

(32)

Mmax =
NCST

ADIABATIC OPERATION

Constant Yolume Operation (CST)

The description of the adiabatic operation of a back-
mixed reactor requires that the energy balance and rate
equations be solved simultaneously with the concentration
equation, subject to the volume policy imposed, and there-
fore represents a much more difficult mathematical prob-
lem. It is again instructive to examine the constant volume
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1.0
— —_——— —K*C*
.
ioj~ AN ¢
N\ 10 —0.8
\\
7.5k / 20 ~—RLz0
ke 20__—o.6
S— 2]
5.0 —
/
/ e
P © —{0.4
2.5 / - — 1]
Ve P -
L7 N~
f— 0
0 —0.2
0.0 1 jﬁ 1
R=1.0
P =0.
2.0f— RL = 80
)
%
I.54—
T 0
70
1.0
1 | ]
0.0 7.0 2.0 3.0 4.0

t*

Fig. 6. Effect of RL on transient adiabatic CST behavior.

(CST) case first and demonstrate the optimal policy for
that limiting case.

The basic relations for steady state operation become
C* =1— PK*C* P =KVnax/Qcst (33)
T® = 1 + RPK*C*® (34)
Ke=14+L(T*~1) (Te=Ty) (85)
‘These may be solved simultaneously to give

_(8+P+4+1)—V(5+P+1)2—45

c* o5 (36)
| 25 -1]
P-"(S+P+1)—V(S+P+1)2—48

(87)

1
T*=1+R———[(S+P+1
+ 2LP[(+ +1)

—V(§+P+1)2—4S] (38)
S = RLP
If the dimensionless reaction rate K*C* is denoted by

7, the equation relating the rate of consumption of A to 7
is

Consumption rate of A = Q(Cay — C4) = VinaxK;Casr
(39)

It is apparent that r = #(RL, P). For a given RL, dif-
ferential calculus may be used to determine the value of
P which maximizes r and hence determines the optimum
residence time. Given P at 7y.x, the value of 7nax and the
corresponding values of C®, K*, and T* may be obtained
in terms of RL. The results are
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max = 1AL (40)
= RS &
Grmmti L )
T°m=1+—§——2ii (43)
Ko e BEED s

Note that R and L usually occur in combination and
uniquely determine the optimal policy for the CST adia-
batic case. For example, if RL >> 1, the maximum con-
sumption of A occurs at the residence time which produces
C* = 0.5, that is, 50% conversion. Of course, if an Ar-
rhenius expression for the reaction velocity were used, dif-
ferent expressions would be obtained for the above vari-
ables at the maximum reaction rate. At low values of RL,
that is, reactions which are only slightly exothermic or
which have a small temperature dependency, the above
expressions closely approximate the values obtained by
using the Arrhenius expression for reaction velocity.

Figures 4 and 5 show C®, T*, K*, and r as functions of
R, L, P, and RL. These results were obtained by using an
EAI Tr-48 analogue computer and by generating P instead
of time as the independent variable. (Actually, log P was
generated, since P ranges over several orders of magnitude
in the regions of interest.)

The transient solutions of the adiabatic CST equations
[Equations (8), (9), (10), with H = 0] were also deter-
mined by using the analogue computer, since analytical

K*C*

I

Fig. 7. Transient solution, effect of P on CST adiabatic operation.
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solutions of the coupled nonlinear first-order differential
equations are not feasible. Plots of these results are shown
in Figures 6 and 7. The effect of the RL product is shown
in Figure 6, and the effect of the relative time parameter
P is shown in Figure 7. During the transient operation, C*
and K® and thus r depend on the product RL, as has also
been shown for steady state operation. This is shown by
combining the transient equations and thereby obtaining
one second-order differential equation in which R and L
always occur in combination. For a given RL, r attains
larger values during the transient operation than r at
steady state only for values of P greater than Pym.

It is interesting to note that the transient r goes through
the maximum value 7max for values of P greater than Py
only for the unrealizable case where the initial C* is 1.
This is shown in Figure 8, which shows the effect of the
initial concentration of A, Cy®, in the reactor on the transi-
ent behavior for fixed P and RL.

Semibatch Operation (SBO)
The basic equations for variable-volume operation for
the adiabatic cases are

dac* Qs
:it_"’-:F(I_C#)—PK“C# (45)
ar* Qs
— = o (1= T°) + REK°C® (46)
K*=14L(T*~1) (47)
10.0—
c.* =1 \\\
o~ 0.8 SR
_— wr
5.0 0.25
0.0
R =1
L =40
P = 0.l
2.5}— To* =1
1.0
0.80
0.8
0.50 \"
0.6 A
C*
0.2
0.4+—
0.2/0.0
I I |
0.0 1.0 2.0 3.0 4.0

1

Fig. 8. Effect of initial concentration on adiabatic CST operation.
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08— (@© 1sothermal; RL = 0
n . ® @ Optimal reactor combination; RL = 2
(® Optimal reactor combination; RL = 40
@ APF; RL = 40
06— ® Ask RL =40, o= 0.5, V * = 0.1
0.4}
0.2 | | | | ! | | |
0.03 0.1 0.2 0.5 1.0 2.0 5.0 10,0 2.0

P
Fig. 9. Effect of relative time parameter P on relative SBO adiabatic
yield.

Ve=Vi® + [ (Q° — Q*)dt®

In solving these equations it is desired to correlate »
with a specified VVO policy and with the dimensionless
parameters R, L, and P. As in the isothermal case, it is
appropriate to compare the VVO yield to that of a CST
with the same maximum volume and throughput rate,

—-—CsT
SBO

K*C* / ~

5.0— /

(48)

7.5—

2.5— /

0.0

0.6

o owoa

3 or=™

c*
0.4

0.2

V* 0.5

TV VvV VvV

0.0

0.0 0.5 1.0 1.5 2.0
**

Fig. 10. Yield increase with SBO operation, adiabatic operation.
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0.0 | [ {
0.0 0.5 .0 1.5 7.0

f*
Fig. 11. Yield increase with SBO operation, adiabatic operation.

Many VVO policies could be considered. The SBO
policy is considered here and is compared with SBO for
the isothermal case. Results from SBO may be generalized
qualitatively to more sophisticated VVO policies.

The operation policy to test the adiabatic reactor for
semibatch operation was identical to that used for the iso-
thermal case described. earlier. A digital logic expansion
system, the EAI DES-30, was used to operate the TR-48
analogue computer cyclically to simulate the SBO opera-
tion. The results of these computations are partially shown
in Figures 9 to 12. The results are in part similar to those
obtained for the isothermal case; that is, the relative yield
n is a function of the fractional filling time, the relative
time parameter P, the initial volume V", and in addition
the parameters R and L, which do not occur in the iso-
thermal case.

Figure 9 gives the relative yield [defined in Equation
(27)1 with respect to the adiabatic CST for the upper
limit of adiabatic SBO and for a case of adiabatic SBO
(ASBO) which approaches a lower limit of operation. The
relative yield is shown as a function of P with RL as a
parameter. Figure 9 corresponds to Figure 3 for the iso-
thermal case. As in steady state operation, R and L appear
in combination. The upper limit of ASBO is the optimal
combination of an adiabatic CST and an adiabatic PFR.
The optimal combination (curve 2) depicts an ACST
operated at the conversion corresponding to the maximum
reaction rate followed by an adiabatic PFR to bring the
conversion to the desired value. Then SBO would employ
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1.0
R=1 o¢=0.2
L=40 V *=0.2
P =0.l
n*=1.1
0.81—
0.6—
C*
0.4
\\
+— — —_—
0.2 _‘
— ——CsT
SBO
0.0 | | |
0 0.5 1.0 1.5 2.0
,.*
1.0
N
C*
o.sr \\
~
R=1 o0=0J25  —~————____
L=10V,*=0.2 —_—
P =0.I
0. | | | |
6 0.2 0.4 0.6 0.8 1.0

Fig. 12. SBO yield decrease due to change in L.

an adiabatic CST operating at the maximum reaction rate
followed by an adiabatic semibatch reactor. Figure 9
shows that the maximum attainable relative yield de-
creases as RL increases. That is, heat generation or a large
temperature dependence has a detrimental effect on the
maximum relative yield. Curve 4 in Figure 9 shows the
well-known fact that for sufficiently exothermic reactions,
the adiabatic CST gives a greater conversion than the
adiabatic PFR at a small residence time and correspond-

Arrhenius K*
R=0.1, L' = E/Rng =20

@ Optimal reactor combination
() Adiabatic PFR

Fig. 13. Effect of relative time parameter P on relative SBO adiabatic
yield, Arrhenius K.
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ing low conversion. Curve 4 in Figure 9 shows that for
sufficiently exothermic reactions, there is a range of resi-
dence time for which the relative yield for adiabatic opera-
tion is greater than the relative yield for isothermal opera-
tion.

Figures 10, 11, and 12 show examples of plots obtained
from the analogue computer for adiabatic SBO. The
dashed lines on the plots are the profiles from the CST
case and the solid lines from the SBO case. The yield may
be read directly from the plots, since

nestr=1—C® 7spo=1—C* (49)
where C® is the average concentration in the reactor dur-
ing the emptying stage. C* is nearly linear during outflow,
so the computation of C*® is easily performed, either on
the computer or graphically. Figures 10 and 11, for dif-
ferent fractional filling times o, show that, as in the iso-
thermal case, the lower the filling time the higher the yield
increase. The upper limit of relative yield is the batch
reactor as discussed previously. Figure 12 demonstrates
the effect of V,® and the parameter L on the cases treated
in Figures 10 and 11. In Figure 12 the L = 10 SBO yield
is less than that of the CST case.

The results given by Figure 9 will be valid only for a
reactor system in which the temperature varies in small
degree about the time average temperature. This is due
to the expression of the reaction velocity constant as a
linear function of temperature. Figure 13 shows a plot of
relative yield for the upper limit of adiabatic SBO as a
function of P in which the Arrhenius equation is used to
express the temperature dependency of the reaction veloc-
ity constant. Curve 1 of Figure 13 is approximated by
curve 2 of Figure 9.

The effect of the operating parameters of SBO on the
relative yield will need further study. Specifically, the
adiabatic SBO should be studied further by using the
Arrhenius K. However, these initial investigations show
that the SBO policy will decidedly result in yield increases
for certain ranges of the parameters R, L, P, o, and V,®.

SUMMARY

1. The transient and steady state operating equations
for the isothermal variable-volume operation of a stirred
tank reactor may be solved analytically for several limit-
ing or approximate cases. The results may be used to pre-
dict behavior over ranges of operating conditions.

2. Semibatch operation of an isothermal reactor with
first-order irreversible kinetics will result in relative yield
increases over the constant volume case. The limiting
relative yield increase, about 309, corresponds to the
case of a continuous flow reactor. The relative time param-
eter P affects the obtainable yield.

3. The isothermal semibatch equations may be solved
analytically and used to predict behavior.

4. For the adiabatic case, the optimal CST constant
volume operating conditions are unique functions of the
parameters R, L, and P.

5. The transient solutions for the adiabatic CST are
solved on an analogue computer and show the dependence
on the parameters R, L, and P.

6. Semibatch operation will increase the yield over the
CST case for adiabatic operation also, within certain
ranges of the parameters R, L, P, Vy*, and o. The maxi-
mum yield increase for the adiabatic case is less than for
the isothermal case. However, for sufficiently exothermic
reactions and a large temperature dependence of the re-
action velocity constant, the relative yield for the adiabatic
case will be larger than for the isothermal case at small
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relative residence times.
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NOTATION

A = component being decomposed, A = B

b = slope of K(T)

C4 = concentration of A, moles/vol.

Car = input concentration

c* = Ca/ CAf

Cp, = molal heat capacity of the liquid

H = dimensionless heat parameter

K = reaction rate constant, sec.—!

L = relative rate parameter

P = relative time parameter

Q = output flow rate, vol./time

Qs = input flow rate

Or = reference flow rate

gs = heat loss to surroundings or coolant per unit vol-
ume

R = relative energy parameter

T = temperature

t = time

V = volume in the reactor

V¢ = V/Vgr

Vr = reference volume

—AH = heat of reaction

p = liquid density, moles/vol.

o = relative filling time

n = relative yield

Subscripts

CST = continuous constant volume stirred tank reactor

CFR = continuous flow reactor

SBO = semibatch operation

VVO = variable-volume operation

PFR = plug flow reactor

0 = initial condition, time = 0

f = feed
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